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A projection operator that is contractive on I,” for two distinct values of p is 
shown to be contractive for all values of p, and the range must be of a special form. 
This result is used to show that the heat semigroup for k-forms on many manifolds 
with nontrivial cohomology in dimension k cannot be contractive on any P for 
p#2. 1 1986 Academic Press, Inc. 
1. INTRODUCTION 
The main theme of this paper is that it is difficult for a projection 
operator to be contractive on Lp for more than one value of p. We will 
show in Section 2 that essentially all projections that are contractive on L” 
for two distinct values of p must be contractive for all p, and the range 
space of the projection must essentially be closed under the operation 
f(x) -f(x)/lf(x)\. This result holds not just for Lp spaces of functions, but 
also Lp sections of vector bundles with an inner product on the fibres. 
The main motivation for studying these projections is that they yield 
immediate information about the heat semigroup for differential forms. 
One of the basic properties of the heat semigroup for functions is that it is 
contractive on Lp for all p, 1 6 p d co. In contrast, we will see in Section 3 
that the heat semigroup for differential forms is often contractive only for 
p = 2. The idea is that if e“’ were contractive, then the Kodaira projection 
lim,, oc e” onto the harmonic k-forms would be a contractive projection, 
and the results of Section 2 apply. 
The author is grateful to H. Donnelly, C. J. Earle, N. Lohout, and B. 
Simon for useful advice. 
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2. LP CONTRACTWE PROJECTIONS 
Let X be a measure space with measure dp. We will consider the Lp 
spaces of complex- (or real-) valued functions on X, and more generally the 
Lp sections of a vector bundle over X equipped with an inner product on 
each fibre. Since we are not interested in the topology of the bundle we 
may assume it is globally trivialized, Xx W, where W is a linite-dimen- 
sional vector space and ( , ), is an inner product on W depending 
measurably on x. By Lp we mean the space of (equivalence classes) of 
measurable functions from X to W such that 
Irfll:=f (f(xLf(x)>f2&<*. 
With a little more effort we could allow W to be an infinite-dimensional 
Hilbert space, but we leave this generalization to the interested reader. 
A bounded linear operator T: Lp + Lp is called a projection if T2 = T, 
and it is called an Lp contraction if 11 Tf II p < /If lip. We will show that 
essentially any projection which is an Lp contraction for two different 
values of p must be of a very special form; in particular it will be an Lp 
contraction for all values of p, 1 d p < co. We can think of this as a kind of 
“extrapolation” theorem, since it gets us outside the range of p’s given by 
the familiar Lp interpolation theorems. 
The key idea of the proof is that for a projection operator T, the contrac- 
tive estimate is essentially equivalent to the “infinitesimal” version 
Re <Tfb),f(x)), ITf(~)l.~-244x)= IIVII; s (2.1) 
(here ITf((x (Tf(x), Tf(x))ij2). Note that for p= 2 this condition is 
equivalent to T being an orthogonal projection (T = T*), and it is an easy 
exercise in plane geometry to show that a projection on L2 is contractive if 
and only if it is orthogonal. 
LEMMA 2.1. Let T: Lp -+ Lp be a projection. Then T is Lp contractive, 
forfixedp, l<p<co,ifandonlyif(2.1)holdsforallf~L~. 
Proof. This is Proposition 6.2 of [2], since the norm is differentiable 
for l<p<co. 
Remark. If p = 1 there are simple examples of contractive projections 
not satisfying (2.1) (e.g., T(x, y)= (x+ay, 0) for Ial < 1). 
THEOREM 2.2. Suppose there exists a domain D which is dense in Lp for 
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everypin l<p<oo,andlet T:D -+ D be a linear operator which is a pro- 
jection (T2 = T) and which is an Lp contraction for two distinct values qf p, 
say p0 and p1 with p0 < p,. Then T is an Lp contraction for all p, 1 d p < a. 
Proof By the M. Riesz interpolation theorem, T is an Lp contraction 
for all p satisfying p0 < p f p 1. Fix .f E D and consider the function 
h(z)=1 ITf(x)l:- 2 Re<Tf(xL,f(x)).,d~ 
- I I Tf(x)lt 4. 
This is an analytic function in z for 1 < Re z < G because f E D, and 
h(z) =0 if z is real and pO< z< p, by Lemma 2.1. Thus h(z) -0, so T 
extends to a contraction on Lp for all p, 1 < p < a. By passing to the limit 
we get the L’ contractive estimate, and by duality, we get the L” contrac- 
tive estimate (here we are extending T to L” by taking the adjoint of 
T*: L’ -+ LL; since D is not assumed dense in L’” this is a stronger result 
than IITf II,6 llf IIm forf EDI. Q.E.D. 
Remark 1. The proof requires that we have the M. Riesz interpolation 
theorem with the optimal constant holding for Lp sections of a vector 
bundle. The usual proof due to Thorin goes through with trivial 
modifications (note that when the proof calls for taking simple functions 
f(x) it really only requires that I ,f( x)1 ‘; be simple). 
Remark 2. The hypothesis that T preserve a domain D dense in all Lp 
seems unlikely to be essential, and we conjecture that the theorem is true 
without it. On the other hand it is not difficult to verify for any reasonable 
operator. 
COROLLARY 2.3. Suppose the total measure is finite. If the operator T 
satisfies the hypotheses of the theorem, then on L2 it is the orthogonal projec- 
tion onto a closed subspace V with the property 
!f fEV then f(x) 
Ifd IJT 
(2.2) 
Proof As already mentioned, the L2 contractivity of a projection is 
equivalent to T being an orthogonal projection onto a closed subspace V. 
Suppose T satisfies the hypotheses of the theorem. If f E V and g E V’ 
then 
s If(x 2<f(x), dx)).dlc=O 
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for 1 < p < 2 by (2.1), and so by letting p -+ 1 we obtain 
s If(X)I g(x)).4=0. (2.3) 
This shows (2.2). Q.E.D. 
Remark. There is also a converse result. If I/ is a closed subspace of L* 
satisfying (2.2), and if we also assume the total measure is finite, then the 
orthogonal projection T onto I/ is Lp contractive for all p, 1 < p < CO. To 
see this it suffices to prove II.f’+ g/l, > 1l.f I/, for all f~ V and g E V’. But 
from (2.2) we obtain immediately (2.3) forfe V and g E VI, and the proof 
is completed by integrating the pointwise inequality 
(this pointwise inequality is established by expanding IS(x) + g(x)l2, and 
using the inequality 
Ig(x)l.3Re lf(x)l;‘(f(x), g(x)),). 
THEOREM 2.4. Suppose T and I- T both satisfy the hypotheses of 
Theorem 2.2. Then 
Tf=f(f+Jf), 
where J is an involution (J* = I) which is an isometry on all L”. Furthermore 
J has the form 
where h is a measurable function from X to the unitary operators on the fihre 
W, (h(x) u> h(x) v>x = (u> v>.x f ora u,v~Wandh~$(x)h(x)=Z,andtj 11 
is a measure preserving involution of the o-field 9 of a-finite measurable 
subsets of X module sets of measure zero, andf 0 $ is the induced map deter- 
mined by xA 0 $ = xti-iCA, f or every measurable A with finite measure. Jf the 
measure space is assumed sufficiently regular (say isomorphic to an interval 
of Iw) then Ic/ can be taken to be a measure preserving isomorphism $1 X + X 
and f 0 $ the usual composition. 
Proof Set J=2T- I= T- (I- T). Since T is a projection, J is an 
involution, and 
IlJf II:= IITf II:+ lItI- Of II:= Ilf II: 
since T is orthogonal on L2, so J is an isometry on L2. We will show that J 
is also an isometry on L4. 
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while (/ f//i is given by the same expression with the minus sign replaced by 
a plus sign. Thus I/ Jf I/ i = (I f I( i is equivalent to 
s Re(f,(x),f,(x)).~(lf,(x)l~+ Ifi h=O. 
But (2.1) for p = 4 yields 
s Re(fi(x),fi(x)>.x If~(x)l2,d~=O 
the same condition for I- T yields 
I Wfib),f2(x)). If4x)ltd~=O. 
Thus J is an isometry on L4. 
Now a theorem of Banach and Lamperti [6] gives a description of the 
isometries on Lp for p # 2 for functions, and it easily extends to sections of 
vector bundles as well: we must have Jf(x) =1(x) h(x)(f 0$)(x), where 
II/: 9 + 9 is a o-field homomorphism, h is a measurable function from X 
to the unitary operators on the fibre, and A(x) is a nonnegative measurable 
function on X satisfying 
(2.4) 
for each A E 9. But if (2.4) is to hold for p = 4 and p = 2 (given the form of 
J this is necessary for J to be an L2 isometry) we must have A(x) = 1 a.e. 
and II/ must be measure preserving. From J2 = Z we deduce that rl/ is an 
involution and h 0 +(x) h(x) = Z a.e. 
Conversely, it is straightforward to verify that if J has the given form it is 
an involutive isometry on all Lp and that T = ;(I+ J) and T = i(Z- J) are 
contractive projections on all Lp. Q.E.D. 
EXAMPLE. Let p be a probability measure, and for scalar-valued 
functions consider the orthogonal projection onto the constants, T”(x) = 
1 f dp. Then T is a contractive projection on all Lp. However, I- T is easily 
seen not to be a contraction on L’ (unless the measure consists of one or 
two atoms) hence it is not contractive on any Lp for p # 2. 
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3. THE HEAT SEMIGROUP ON DIFFERENTIAL FORMS 
Let M be a complete Riemannian manifold of dimension n, and for 
OQ kbn let A”M denote the bundle of differential k-forms, A = -d6--6d 
the Hodgede Rham Laplacian (we choose the sign convention that makes 
A a negative operator), and e” the heat semigroup. At least on L* sections 
of AkM, the heat semigroup is unique and contractive (see [ 1 ] or [ 111). In 
analogy with the case of functions (k = 0), we ask if the heat semigroup is 
Lp contractive for other values of p. As indicated in [ 111, we cannot expect 
the answer to be always “yes.” In fact we will see that the answer is often 
“no,” especially when the de Rham cohomology in dimension k is non- 
trivial. 
The connection with cohomology is very simple: if erd were Lp contrac- 
tive then by taking the limit as f + XI we would obtain that the Kodaira 
projection operator T onto the harmonic k-forms is Lp contractive. 
THEOREM 3.1. Suppose M is compact, has nontrivial cohomology in 
dimension k, and erA on k-forms is Lp contractive .for some p # 2. Then the 
space of harmonic k-forms is closed under f(x) +.f(x)/I ,f(x)l. 
Proof This is an immediate consequence of Corollary 2.3 applied to the 
Kodaira projection. Since the manifold is compact the existence of the 
common dense domain is obvious. Q.E.D. 
Thus, if we can show that there do not exist harmonic k-forms of con- 
stant absolute value, we can conclude immediately that the heat semigroup 
on k-forms is not contractive on any Lp, p # 2. In a number of cases it is 
possible to do this on purely local grounds. In dimension 2 the results are 
most decisive. 
LEMMA 3.2. On a nonflat 2-manifold there do not exist local nonzero har- 
monic 1:forms of constant absolute value. 
Proof: By introducing isothermal coordinates we may make the metric 
locally conformally flat, gjk(x) = h2(x) S,,. Now if o is a l-form satisfying 
do = 0 and 6w = 0, then locally w = df, where f is an ordinary harmonic 
function. The condition (w( = c just says h -* IVf I2 = c, where IVf I* = 
(df/dx’)2 + (df/dx2)2. But (aflax’) - i($fldx2) = F is holomorphic, and from 
h* = c-’ IFI it is straightforward to show that the metric is flat. Q.E.D. 
For our next result we need to recall the definition of the curvature 
operator p as in Gallot and Meyer [3]. At each point on the manifold, the 
curvature operator is an operator from 2-forms to 2-forms (at the point) 
P(o)~[= R”,w,. By the symmetry properties of the curvature tensor this is 
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a symmetric operator, so it makes sense to say that p is positive definite, 
i.e., 
Riilkcoiicok, > 0 (3.1) 
for all o # 0. Note that this is a stronger statement han sectional curvature 
being strictly positive, which is just (3.1) for all w of the form wLj = 
a,b,--sib, (by the structure theory of the Lie algebra so(n) the general 
skew-symmetric matrix is a sum of [n/2] such special matrices). 
LEMMA 3.3. There are no nonzero harmonic k-forms of constant absolute 
value if either (a), k = 1 and the Ricci curvature is strictly positive at one 
point or (b), k > 1 and the curvature operator is positive definite at one point. 
Proof: The proof is based on the Bochner-Lichnerowicz formula 
[7, P. 31, 
-(Ao,o)= -+A(Jo/‘)+ lVwl’+F(o) (3.2) 
pointwise for k-forms o. Of course if do = 0 and 101 = c the first two terms 
vanish and so we obtain F(o) 6 0. Now when k = 1, F(o) is just the Ricci 
curvature in the w direction so we obtain (a). For k > 1, Gallot and Meyer 
[3] show that F(o) is expressible in terms of the curvature operator in 
such a way that F(o) d 0 contradicts the positive-definiteness. Q.E.D. 
COROLLARY 3.4. Let A4 be a compact Riemannian mantfold with non- 
trivial real cohomology in dimension k. Then the heat semigroup,for k:forms 
is not contractive on Lp for any p # 2 in the following cases: 
(i) n = 2 and the mantfold is not flat, 
(ii) k = 1 and the Ricci curvature is strictly positive at one point, 
(iii) the curvature operator is positive definite at one point. 
Next we consider some results in the other direction. 
THEOREM 3.5. (a) If the Ricci curvature is everywhere nonnegative, 
then the heat semigroup for l-forms is Lp contractive for all p, 1 d p d co. 
(b) If the curvature operator is everywhere nonnegative, then the heat 
semigroup for k-forms is Lp contractivc ,for all p, I < p 6 co. 
Remark. There is no contradiction between this and the previous result, 
because if the Ricci curvature is everywhere nonnegative and strictly 
positive at one point, then the cohomology in dimension 1 must be trivial, 
and similarly if the curvature operator is everywhere nonnegative and 
positive at one point, there is no nontrivial cohomology [3]. On the other 
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hand, it is not hard to construct manifolds with nonnegative curvature 
operator and nontrivial cohomology (in fact, symmetric spaces). Samelson 
[lo] and Helgason [4] show that every homogeneous pace of a compact 
Lie group has nonnegative sectional curvature, and we conjecture that even 
the curvature operator must be nonnegative (Gallot and Meyer [3 J prove 
this for compact symmetric spaces). 
Proof (a) The Weitzenbiick formula for l-forms is simply 
do = A,w - R;q, 
where A, is the Bochner Laplacian on tensors (trace of the second 
covariant derivative). Now the Bochner Laplacian A, generates a contrac- 
tion semigroup on all L*, 1 6 p < co. This is proved in [ 1 l] (the restriction 
t 6 p < 3 there is easily removed), and it is pointed out in [S] and [S] that 
it is an immediate consequence of the Lp contractivity of the heat 
semigroup for functions. The nonnegativity of the Ricci curvature means 
-Rvw,o, generates a contractive semigroup on all L*, and the result 
follows by the Trotter product formula. 
(b) To prove that A generates a contractive semigroup on L* we 
have to establish the dissipative estimate 
(lul*-*u,du)bo (3.3) 
for k-forms u E 9 and show that there are no positive eigenvalues for A 
with Lp’ eigenforms [9, pp. 240, 330; or 11, Lemma 3.31. The key idea of 
the proof is the integrated Weitzenbock formula of Gallot and Meyer [2] 
(formula (0.8) polarized): 
-(u, Au) = (Vu, Vu) + Q(u, u), (3.4) 
where Q is a quadratic integral that is nonnegative if the curvature 
operator is everywhere nonnegative. 
Now applying (3.4) with u = Iu]* ’ u (after a simple limiting argument 
since u may not be Cm) we obtain 
-((u(*-2u,Au)= (v((u(*-2u),vu) 
+ Q(lul*-‘u, u). (3.5) 
But -(In/*-*u, A,u)= (V(lulpP2u),Vu)>0 because the Bochner 
Laplacian is dissipative, and Q( (u(*-’ u, u) > 0 by the nonnegativity of the 
curvature operator. This establishes (3.3). Finally, if Au = AU with UE L*’ 
and 1> 0 then (3.5) would yield an immediate contradiction. Since u does 
not have compact support we do not have (3.5) immediately, and a more 
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delicate limiting argument is required, which is given in [ 11, Lemma 3.21. 
This argument requires p’ < 3, and thus establishes the Lp contractivity for 
p > t, and by duality we obtain the result for all Lp. Q.E.D. 
Remark. In view of (3.5) it would seem likely that we could prove 
directly that if the curvature operator is sufficiently negative then the dis- 
sipative estimate is false, hence Lp contractivity fails, without involving 
cohomology. However, we have not succeeded in doing this. 
Next we compute an explicit example of a manifold in which the heat 
semigroup is not even bounded on Lp, for any t > 0 or p # 2. Unfortunately 
the manifold is not connected. One might hope to get a connected example 
by joining up the components by long skinny tubes, but we have not been 
able to give an argument for this. 
LEMMA 3.6. Let M be the unit disc r2 = x2 + y2 < 1 in the plane with 
metric gik(x, y) = (1 - r2) -’ I with CY 2 2. Then M is complete and contains 
no L2 harmonic l-forms that are in Lp if 1 6 p < 2( 1 - c( ~ ‘). 
Proof: Clearly M is complete if and only if the radial spokes have 
infinite length, and this amounts to fA( 1 - r2)pol:2 dr = +co which is the 
condition a b 2. Every harmonic l-form can be written 4’ where ,f= 
1;” a,z” + b,?‘. Now 
so 
Ildf II:= jj IVfk 4,)12 dxdy 
and df E L2 if and only if C;” nZ( IanI 2 + lb,,1 *) < co. However, if df E Lp this 
would imply d(a,z” + b,?) E L p for each n, but the r-integration in 
Ild(a,zn,+ b,i?‘)ll; will be of the order 
(1 -r’)- %(I -P/2) ,.(“- I)P, dr 
which diverges if p < 2( 1 - CI - ’ ) unless a, = b, = 0. Q.E.D. 
THEOREM 3.7. There exists a (not necessarily connected) Riemannian 
2-manifold M, each connected component of which is complete, such that the 
heat semigroup for l-forms is not bounded on Lp for any p # 2 and any t > 0. 
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Proof: Let M,,, denote the manifolds in Lemma 3.6. Let F be a C” 
l-form of compact support. Then lim,, oo erdF will be an L* harmonic 
l-form, and it is easy enough to guarantee that this limit is nonzero. Since 
by the lemma these l-forms are not in Lp for 1 d p ,< 2( 1 - r-l), we cannot 
have Ile”FIJ p < C 11 F/l p for all t for such p. 
Next let M,, denote the dilation of M,,, by a factor s. M,,, is the unit 
disc in the plane with metric gJx, y)=s-‘(1 - r2)-’ I. It is easy to see 
that this change simply rescales the time parameter t in the heat semigroup. 
Thus for every p in 1 < p < 2, every t > 0 and every c < cc there exists M and 
s such that ((erdFII p < c (( F(( p is false for M,,s. Finally by taking a countable 
disjoint union of such manifolds we can contradict llefdFjI p <c ljFIlp for all 
I <p < 2 all c> 0 and all rational t (hence all real t > 0). By duality we 
cannot have boundedness for 2 < p < co either. Q.E.D. 
Remark. If the curvature and its first two derivatives are bounded, 
Loho& [S] has shown that the heat semigroup on differential forms is 
bounded on LP for 1 < p < cc with a bound exponential in t. In our exam- 
ple the curvature is clearly unbounded. 
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